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Abstract

Low-rank adaptation (LoRA) has emerged as an efficient fine-tuning
technique for large language models, enabling parameter-efficient
updates while maintaining task performance. However, LoRA suf-
fers from two key issues: 1) inefficient feature learning when the
width n (embedding dimension) is large, and 2) ineffective updates
to the adapter matrix A due to the initialization of B as zero. We
propose LoRA-E?, which utilizes a Gaussian initialization with vari-
ance ©(n~3/%) for A, and employs the Gauss-Seidel iteration to
train B and A during the warm-up phase, while employing Jacobi
iteration for efficiency during main training. We theoretically show
that LoRA-E? enables more stable and efficient feature learning
with effective parameter updates over LoRA. Empirically, LoRA-E?
achieves consistent gains in both natural language understanding
and generation tasks. On the GLUE benchmark with T5-base, it
improves performance by 1-10% over LoRA. When fine-tuning
Llama 2-7B on MetaMathQA with GSM8K as validation, LoRA-E?
surpasses LoRA by 1-2% and converges up to ~3x faster. Code is
available at https://github.com/whu-totemdb/LoRA-E2.
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1 Introduction

Large language models (LLMs), such as ChatGPT [1], Gemini [11],
and DeepSeek [6], have achieved remarkable success across diverse
applications, particularly in the context of web data, where large-
scale information retrieval and natural language understanding
are crucial [4, 8, 20, 37]. These models, trained on vast amounts of
web data, serve as versatile foundations for a wide range of tasks
[2, 49]. However, adapting them for specific downstream applica-
tions still requires fine-tuning to address task-specific requirements
[27]. Modern LLMs are comprised of billions of parameters, mak-
ing full model fine-tuning computationally prohibitive [19]. This
challenge has spurred the development of parameter-efficient fine-
tuning (PEFT) methods [10], which selectively update only a small
subset of parameters while keeping the majority frozen, signifi-
cantly reducing computational costs. PEFT methods have not only
improved efficiency but also enabled comparable or even superior
performance in specialized tasks, making LLMs more accessible and
practical for real-world applications, especially in domains heavily
reliant on dynamic web data [28, 29, 31, 36, 41].

Among PEFT methods, Low-Rank Adaptation (LoRA) [19] has
become a well-known approach, using low-rank updates to the
weights of large pretrained models for effective fine-tuning. Given
apretrained weight matrix W € R™*" from the pretrained model,
LoRA reparameterizes the update as

W=W,+ gAW, where AW = BA,
r

where « is a scaling factor, and A € R"™*"™ and B € R™*" are
trainable matrices with rank r << min{ny, nz}. This reparameteri-
zation reduces the number of trainable parameters to r(nj + nz),
significantly smaller than the full ny X ny matrix. By freezing W
and updating only A and B, LoRA enables efficient adaptation of
large-scale models to downstream tasks while maintaining a low
computational and memory footprint.
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Figure 1: (Left) Training loss curves of Llama 2-7B on the MetaMathQA dataset over training steps. LoORA-E? demonstrates faster
convergence and consistently outperforms the standard LoRA. (Middle) Detailed initialization and training procedures for
LoRA and LoRA-E?, exemplified with gradient descent for clarity. The principal distinction lies in LoRA-E? initialization of
Ainir ~ N(0, n=3/ 4 compared to LoRA initialization of A;,;; ~ N (0, n~1), alongside LoRA-E? adoption of a Gauss-Seidel iteration
to alternately optimize matrices B and A. (Right) The reparametrization of LoRA and LoRA-EZ.

However, this initialization fails to guarantee efficient feature
learning, resulting in a suboptimal standard LoRA configuration
under the infinite width limit of its fine-tuning dynamics. Moreover,
it gives rise to a form of internal instability, where the intermediate
feature representations AZ (for some input Z) exhibit large magni-
tudes, while the final LoRA output BAZ remains small [14]. A fur-
ther drawback arises when B is initialized to zero: the LoRA-induced
update vanishes at the first training step, preventing informative
gradients from propagating to A. Consequently, the model suffers
from ineffective early-stage parameter updates, thereby limiting its
capacity to fully exploit LoORA’s adaptation potential.

Existing approaches to ensure efficient feature learning in LoRA
training primarily focus on increasing the learning rate. Hayou
et al. [15] proposed LoRA+, which assigns a much larger learning
rate to B than to A, i.e., g = ®(n_1), ng = ©(1). However, setting
high learning rates for trainable parameters can lead to divergence,
and this approach does not address the issue of ineffective updates
due to the initialization of B as zero. Initializing B with a non-zero
value seems like a promising solution, but this prevents fine-tuning
from the pretrained model. Wang et al. [44] introduced LoRA-GA,
which initializes matrices A and B via singular value decomposition
(SVD) of the gradient matrix, thereby ensuring that updates to A
and B are directed toward the overall fine-tuning of all parameters.
However, this method suffers from high computational costs and,
in the absence of immediate gradient deletion strategies [33], incurs
significant memory overhead. Therefore, achieving effective and
efficient LoRA training remains a considerable challenge.

Without increasing the learning rate, we make simple but effec-
tive modifications to the standard LoRA and propose LoRA-E2, a
novel low-rank adaptation method for fine-tuning LLMs, which
provides improvements in both effectiveness and efficiency. For
initialization, we still initialize B with zero and A with a Gauss-
ian distribution, but unlike the standard LoRA initialization, the
variance is set to ©(n~3/4). With a learning rate of 0(n~1/2), we
improve the growth of the feature learning BAZ, which typically
vanish as ©(n~/2) in the standard LoRA, to ©(1). Moreover, we

mitigate the inherent internal instability in LoRA training by re-
ducing the growth rate of the internal features AZ from 0(n'/?) to
©(n'/*), while simultaneously controlling the update magnitude
of B, which diminishes from ©(n~1/2) to @(n~1/4), potentially
improving numerical stability.

To address the issue of ineffective updates caused by the zero
initialization of B, we alternately update B and A using a Gauss-
Seidel iteration [7]. This not only facilitates effective updates but
also ensures that the updates for B are more informed and aligned
with the most current state of the model, thereby improving the
overall optimization process. To further enhance training efficiency,
we adopt Gauss—Seidel updates during the warm-up phase and
subsequently transition to Jacobi iterations in the main training
stage. This hybrid strategy strikes a balance between achieving
effective early-stage updates and maintaining scalable, efficient
optimization throughout the remainder of training. In Figure 1, we
present a straightforward comparison between LoRA-E? and LoRA,
focusing on algorithm design, as well as the training loss curves on
the MetaMathQA [48] benchmark for Llama 2-7B [42]. Overall, we
summarize our main contributions as follows:

e We propose an initialization strategy for the low-rank matrices,
where A is initialized with a Gaussian distribution of variance
e(n~3/4), improving numerical stability and promoting efficient
feature learning, especially in the large-width regime.

e During the warm-up phase, we propose a Gauss-Seidel iterative
training procedure that alternates updates between B and A,
mitigating the issue of ineffective parameter updates arising from
the zero initialization of B in LoRA.

e We present both theoretical analysis and empirical evidence
showing that LoRA-E? outperforms LoRA in terms of effective-
ness and efficiency, achieving up to 3x faster convergence while
providing superior performance across multiple benchmarks.

2 Background & Related Work

PEFT has emerged as a powerful paradigm for adapting large
pretrained models to downstream tasks, particularly in resource-
constrained settings. Early approaches, such as that of Houlsby et al.
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[18], introduced lightweight trainable modules known as adapters
into each layer of the model. Subsequent methods, including prefix-
tuning [25] and prompt-tuning [24], shifted the focus toward mod-
ifying input or hidden representations by appending trainable pa-
rameters to existing layers. Among these techniques, LoRA [19]
has become one of the most influential and widely adopted PEFT
strategies. By injecting low-rank adaptations into weight matrices,
LoRA achieves substantial reductions in computational cost while
effectively mitigating overfitting and catastrophic forgetting [3].

2.1 Effective LoORA

Effective LoRA focuses on generating high-quality model outputs
during fine-tuning, ensuring fast convergence and superior perfor-
mance across diverse tasks. Several methods have been proposed to
improve LoRA’s effectiveness. AdaLoRA [51] introduces dynamic
pruning of insignificant weights using Singular Value Decompo-
sition (SVD), reallocating rank to more critical regions within a
fixed parameter budget. DoRA [30] improves model expressiveness
by incorporating learnable magnitudes into the direction adjust-
ments made by low-rank matrix products. Despite these innova-
tions, vanilla LoRA remains widely adopted due to its robust support
in libraries and hardware. As such, advancing LoRA without alter-
ing its fundamental structure is essential. Several recent approaches
focus on this aspect. For example, rsLoRA [21] introduces a scaling
factor that ensures the output is invariant to rank. However, many
of these approaches encounter a common issue: initializing ma-
trix B to zero renders the gradient updates to matrix A ineffective
during early training. A class of solutions circumvents this issue
by initializing B with non-zero values. For instance, PiSSA [35]
approximates the original weight matrix W using SVD and uses
the resulting factors to initialize A and B. Similarly, LoORA-GA [44]
approximates the gradient of W through SVD on sampled gradi-
ents, followed by appropriate scaling of the initialized matrices.
Nevertheless, these SVD-based methods become computationally
expensive and memory-intensive when applied to a large number
of LoRA layers. In contrast, our approach retains the conventional
initialization of B = 0, and instead introduces an alternative update
of B and A, effectively overcoming the issue of invalid update and
leading to improved training effectiveness.

2.2 Efficient LoRA

Efficient variants of LoRA are primarily designed to reduce the
computational overhead of model fine-tuning while maintaining
strong downstream performance. Hayou et al. [15] provided a prin-
cipled framework for determining the LoRA learning rate, showing
that increasing the learning rate of the parameter B can promote
efficient feature learning. However, excessively large learning rates
cause training instability and eventual divergence. Building upon
this framework, we demonstrate that efficient feature learning can
be achieved by modifying the LoRA initialization alone, without the
need to adjust other hyperparameters. There are several other tech-
niques that improve the efficiency of LoRA, but these are orthogonal
to the concept of efficient feature learning. One such method in-
volves quantization [9, 26, 38, 45]. Dettmers et al. [9] introduced a
quantized version of LoRA, referred to as QLoRA, which reduces
computational costs by quantizing pretrained weights to as few
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as four bits. Other LoRA variants have been proposed to further
reduce the number of trainable parameters [22, 50, 52]. For example,
VeRA [22] freezes random weight-tied adapters and instead learns
vector scalings of the internal adapter activations, thereby achiev-
ing substantial reductions in trainable parameters while preserving
performance comparable to standard LoRA.

3 Proposed LoRA-E?

In this section, we present the design of LoRA-E?, with particular
emphasis on its initialization and training procedures. We first
describe the key aspects of LoRA-E? initialization, which are crucial
for ensuring both the stability and efficiency of LoRA fine-tuning
updates. We then introduce the training methodology of LoRA-E?,
which employs an alternating update strategy for optimizing B and
A, thereby addressing the limitations in standard LoRA. Finally, we
provide a detailed description of the overall algorithmic design.

3.1 LoRA-E? Initialization

Given the additive update structure of LoRA, it is crucial to initialize
the product BA to zero to ensure that fine-tuning begins from the
pretrained model. This can be accomplished by setting one of the
matrices, A or B, to zero. Initializing both to zero results in a saddle
point where no learning occurs, as the parameter gradients would
remain zero. Therefore, one matrix should be initialized to zero,
while the other is initialized to a non-zero value. Hayou et al. [15]
has theoretically and empirically demonstrated that initializing B
to zero typically yields better performance, as initializing A to zero
leads to undertraining of B, resulting in suboptimal training. Thus,
in this paper, we focus exclusively on the initialization of B to zero.

We consider initializing the trainable weights by assigning the en-
tries A;j independently from Gaussian distribution, A;; ~ N (0, a?)
and B;; < 0. To maintain the stability as the input dimension n
grows, the variance ¢ is typically chosen proportional to n™!, a
choice grounded in the Central Limit Theorem and widely adopted
in initialization strategies such as Kaiming initialization [16] and
LeCun initialization [23].

In LoRA training, initializing with a variance of 62 = ©(n~1)
inevitably leads to inefficiency and instability, unless matrix B is
trained with a learning rate significantly larger than that of A (ie.,
ng/na = ©(n)) [15]. However, using such a large learning rate
risks non-convergence. To ensure stability and efficiency without
modifying the learning rate, we propose initializing A with a vari-
ance of 02 = ©(n3/4). A theoretical justification for this choice is
provided in Section 4.

3.2 LORA-E? Training

For a given LoRA layer, we use Z to denote the input to that layer
and Z for the output after adding the pretrained weights. More
precisely, we write the layer operation as

Z=(Wo+ %BA)Z. (1)

We assume that the pretrained weights W remain fixed through-
out fine-tuning. The objective is to minimize empirical risk, also
referred to as training loss, denoted by L(Z(A,B),Y), where Y rep-
resents the ground truth labels. At fine-tuning step ¢, the gradients
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with respect to the low-rank parameters are computed as follows:

oLt a -, e
Gp=—p = dZ' 7 (ATIZI T,
t oLt _«a t=INT g5t =1t —1\T @
gA:ﬁ:7(B ) dzm (Z°7) 7,

where dZ represents the gradient of the loss function with respect
to the layer output features Z. It is worth noting that at step t = 1,
the gradient Qj\ becomes zero due to the zero initialization of matrix
B. As a result, the update to matrix A is ineffective at this stage.
The root cause of this issue lies in the fact that matrices A and
B are updated simultaneously. In other words, the optimization
adopts the Jacobi iteration [7], where each update step computes
the gradient of one matrix assuming the other remains fixed at its
previous value. We propose employing Gauss-Seidel iteration to
update the LoRA parameters instead of Jacobi iteration. In contrast
to standard LoRA, LoRA-E? updates B first and immediately uses
the updated B to compute the gradient for A as follows:

oLt a -, e
g}tgz 5 :;dZt 1(At IZ[ I)T
b 0L @ i1 T ®)
QA=E=7(B)dZB (z'79) ",

where Z]tg_l =Wi-14 %At_lBt)Zt_1 denotes the intermediate
LoRA feature obtained after updating the matrix B while keeping
A fixed. When using gradient descent as the solver with learning
rate 7, the updates are given by:

-1 -1
Al = A" gl B' =B -ngGjf. )
Next, we compare the effectiveness of LoRA and LoRA-E? by mea-
suring the evolution of the learned LoRA features over training. We
consider the standard LoRA update formulation, where the LoRA
feature at iteration ¢ is given by

Z'=Wo+ZB'ANZ' T =2 e Sl S e 8l ()

where the update can be decomposed into three components:

A _ i _
65:_;7(7) BYBIYTaZ )z P, (6)
2 4
552_;7(—‘:) dz' Nzt )T Atz (7)

2, -t
6§ _ (%) dzt 1(Bt—1At—1Zt—1)TdZt 1||Zt_1||2. )

The terms 6{ and 62 represent “linear” feature updates, which are
derived when one low-rank matrix is held fixed while the other
is trained. The third term 6§ captures the “multiplicative” feature
update, reflecting the compounded effect of updating both the ma-
trices A and B simultaneously. However, the magnitude of 6% is
typically negligible in practice when compared to 6} and 6%, and
can thus be safely ignored in several studies [44].
Next, we define the feature of LoRA-E? at iteration t as

Ft—1

Z'=Wo+ SBANZI T =2 el 1 el )
r
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where the update can be decomposed into two components:
2
et =-n (%) az' iz TA Iz, )
r
t_ (& 2t 0T g7t 17012
e=-n(7) B(B) dzp IZ|I" (11)

In LoRA-E2, we propose an alternative update strategy for the ma-
trices B and A, which contrasts with the standard LoRA method
that updates both matrices simultaneously. This alternative strategy
presents two significant advantages. First, during the initial update,
since B is initialized to zero, we have 6% = 6% = 0. In standard
LoRA, this means that only 6; contributes to the parameter up-
date. However, in LORA-E2, due to the alternative update approach,
both eg and eé have an active role in the model parameter updates,
which facilitates a more gradual and potentially more stable conver-
gence in the early stages of training. Second, LoRA-E? improves the
accuracy of the update for A by leveraging the updated parameter
B during the update of A. Specifically, since B is updated before A,
the new values of B provide a refined basis for updating A, lead-
ing to a more precise and targeted adjustment of the parameters.
This alternative update approach ensures that the updates for A are
more informed and aligned with the most current state of the model,
ultimately improving the overall optimization process. In Section 5,
we present an illustrative example to validate the effectiveness and
efficiency of our proposed initialization and training methods.

3.3 Algorithm Design

Although Gauss-Seidel iteration improves stability, it introduces
a noticeable computational overhead. Whereas the Jacobi method
updates both A and B in a single forward-backward pass, the al-
ternative Gauss-Seidel strategy requires two propagation cycles
per iteration: one to update A with the most recent B, and an-
other to update B with the updated A. This effectively doubles the
per-iteration cost and reduces training efficiency. To balance the
trade-off between stability and efficiency, we apply Gauss-Seidel
iteration only during the warm-up phase of LoRA training. Warm-
up refers to an initial training phase in which the learning process
is deliberately regularized or slowed to stabilize optimization and
prepare the model for efficient subsequent convergence [12]. In this
early stage, when the model parameters are still adapting and issues
such as invalid updates caused by zero initialization of B are most
pronounced, the benefits of stable convergence outweigh the cost
of slower iteration. By confining Gauss-Seidel updates to warm-up,
we establish a well-conditioned low-rank parameterization. After-
ward, training reverts to the Jacobi iteration, which restores full
efficiency while retaining the stable initialization achieved earlier.
This phase-aware strategy ensures that the advantages of Gauss-
Seidel iteration are realized precisely when they are most critical,
without undermining the overall practicality of LoRA training.

As outlined in Algorithm 1, the proposed method begins with the
initialization of A and B (Line 1). Specifically, B is initialized to zero,
and A is sampled from a normal distribution with variance n3/4,
During the warm-up phase, the algorithm alternates between up-
dating A and B through Gauss—-Seidel iteration (Lines 3-5). In each
step of this phase, B is first updated using the current A, followed by
updating A with the newly updated B. The warm-up continues for
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Algorithm 1: LoRA-E?

Input: r: LoRA rank; Tiyarm: warm-up steps; T total steps.
Output: Low-rank matrices A, B.

/* Initialization */
1 B 0,A~N(0,n73%)

/* Warm-up (Gauss-Seidel alternating) */
2 fort « 1 to Tyarm do
3 Sample mini-batch B;
4 Gauss-Seidel step 1: update B given current A

5 Gauss-Seidel step 2: update A given updated B

/* Main training (Jacobi simultaneous) */
6 for t «— Tywarm+1to T do

Sample mini-batch B;

8 Jacobi step: update A and B simultaneously

9 return A and B

Twarm steps to ensure that the low-rank matrices are properly con-
ditioned prior to the main training stage. After the warm-up phase,
the algorithm transitions to Jacobi iteration for the main training
(Lines 7-8), where both A and B are updated simultaneously within
each iteration using a single forward—backward pass.

4 LoRA-E? Finetuning Dynamics

In this section, we aim to rigorously investigate the fine-tuning
dynamics of LoRA with a focus on efficient feature learning. Our
goal is to prove that LoRA-E? induces efficient and stable feature
learning. To this end, we formalize the concepts of LoRA features,
stability, and feature learning, and derive precise conditions under
which efficient learning is theoretically guaranteed. These results
further allow us to identify the critical learning rate thresholds that
delineate stable fine-tuning regimes from unstable ones. Since the
primary aim of this work is methodological, the theoretical analysis
is presented at a physics-level of rigor, intended to distill the key
insights. We intentionally omit certain technical assumptions that,
while necessary for full mathematical formalization, would obscure
the core ideas with excessive complexity.

4.1 Stability and Feature Learning

Our main analysis relies on a careful estimation of the magnitude
of several quantities involving LoRA features. Before delving into
the full complexity of the setting, we introduce a simplifying as-
sumption to clarify the role of individual LoRA components. When
multiple LoRA layers are present, the feature updates are influenced
not only by the changes in the low-rank matrices A and B, but also
by the latent representations Z and dZ, which are continuously
updated during finetuning. To isolate the specific contribution of
an individual LoRA layer to feature learning, we adopt a common
methodological simplification: we assume that only a single LoRA
layer is trainable, while all other LoRA layers remain frozen. Since
LoRA layers are typically initialized to zero, this setup is effectively
equivalent to incorporating only one active LoRA module in the
model. Under this configuration, we can quantitatively evaluate
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Figure 2: Evolution of the norms of the extracted features
Z 5 and Zp averaged over the training data, and the norm of
B. We compute the norm ||B||, and the average feature norm
TZA| = ﬁ Zfil [|Z 4(x;)|l, and similarly for Zg, where {x,—}f\i1
are training samples.
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Figure 3: Magnitude of low-rank update steps, measured by
|Bi*1 A1 — B! A?||, during training for two random seeds.
Compared to LoRA, LoRA-E? consistently exhibits larger up-
date magnitudes, indicating more effective parameter up-
dates at each step.

the extent of feature adaptation attributable solely to the train-
able LoRA layer throughout the fine-tuning process. This strategy
is widely employed in the study of LoRA fine-tuning dynamics
[14, 15]. Next, we present a formal definition of the LoRA features
defined in Hayou et al. [15].

Definition 1 (LoRA Features). Consider a general neural archi-
tecture equipped with a LoRA layer, we define the LoRA features
(Zp,Zg)as Zy = AZ,and Zg = BZ 4 = BAZ. At fine-tuning step
t, we use the superscript ¢ to denote the value of LoRA features
qu, Z%, and the weights A?, B

Stability ensures that no quantity in the network becomes un-
bounded as the model width increases, which is a critical property
when scaling the model. To maintain stability, it is necessary to
adjust hyperparameters such as initialization and learning rate as
the model size n grows. However, arbitrarily scaling the learning
rate with width may result in suboptimal learning dynamics, even if
fine-tuning remains stable [14]. To address this issue, we adopt the
stability formulation for LoRA features in the asymptotic regime of
increasing width [15].
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Definition 2 (Feature Stability). We say that LoRA fine-tuning
is stable if for all LoRA layers, and all training steps ¢, we have
Z,Zp = 0(1), as the width n goes to infinity.

Feature stability refers to the boundedness of the LoRA output
Zp in the f2-norm as the network width increases. Achieving this
condition also requires Z = ©(1), which is intrinsically linked
to pretrained dynamics through its dependence on the pretrained
weights Wo. We assume that the pretrained model is designed to
ensure such stability.

As previously noted, feature updates are governed by the terms
{eé}ie{1,2}~ With increasing width n, these updates risk becoming
either trivial (vanishing as n — co) or divergent (growing without
bound). To prevent such pathological behaviors, it is essential to
maintain AZg = ©(1). This principle underlies the design of pa-
rameterizations such as yP [46] and Depth-pP [47], which promote
stable feature learning in wide and deep neural networks during
pretraining. We refer to the formal definition introduced in [15].

Definition 3 (Feature Learning). We say that LoRA finetuning
induces stable feature learning in the limit of large width if the
dynamics are stable (Definition 2), and for all fine-tuning steps t,
we have AZp := Zg'l - Z% =0(1).

The update AZg comprises the terms {ef }ie{1,2)- To facilitate
effective feature learning, it is necessary that both e}, e? =0(1),
ensuring that the matrices A and B are actively involved in the
update of Zp. This forms the basis for the definition of efficient
learning with LoRA-E? as follows.

Definition 4 (Efficient Learning with LoRA-E?). LoRA fine-tuning
is efficient if it is stable (Definition 2), and for all LoRA layers and
all fine-tuning steps ¢, we have

e =0(1), i €{1,2}. (12)

In the next result, we provide a precise characterization of sta-
bility and feature learning when using LoRA-E2.

Theorem 1. For anyt > 0, fine-tuning with LoRA-E? and training

by gradient descent with learning rate nj yields the following:

e Stability: Z}, = O(1) if and only ifn = o(n~1/2%).

e Feature Learning: AZJtB =0(1) ifand only ifn = O(n~Y2). In
this case, we also have ei, eg = O(1) (efficient feature learning,
Definition 4).

o Internal instability: A'Z = O(n'/*) and B! = ©(n~'/4) when
1 lies between ©(n~!) and e(n~1/2).

The proof of Theorem 1 is provided in Appendix A. Theorem
1 reveals that, under the proposed LoRA-E2, fine-tuning can be
performed with a learning rate scaling as ©(n~1/2) without induc-
ing instability in the LoRA output Zp. This reflects an asymptotic
characterization of the stability threshold, consistent with prior
findings [14], which show that exceeding a certain learning rate
results in instability. At this critical rate, feature updates remain ef-
ficient (see Definition 4). Nevertheless, this regime entails a caveat:
While Z g remains bounded at @(1), the internal features A’Z grow
at the rate of ©(n!/%), and the update magnitude of B! diminishes
as ©(n~1/%), potentially leading to numerical instability. We refer
to this phenomenon as internal instability, where the divergence
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occurs only in the internal representations. Notably, LoRA-E? sig-
nificantly alleviates this issue. Compared to the standard LoRA
formulation in Hayou et al. [14], where Z 4 grows as 0(n'/?) and
B! vanishes at ©(n~1/2), our approach exhibits markedly improved
stability in internal dynamics.

5 Verifying the Results on a Toy Model

To rigorously evaluate the feature dynamics of LoRA and LoRA-E?
in a controlled setting, we design a synthetic task based on a multi-
layer perceptron (MLP) model. The network architecture consists
of an input layer, a single hidden layer, and an output layer. The
output is computed via the following transformation:

Y =Wourd(Wro(WinZ)),

where Wi, € R¥*" W), € R™" and Woy; € R™! are weight
parameters. The function ¢(-) denotes the activation function, for
which we use ReLU. We train this model in two stages: the pretrain-
ing phase and the fine-tuning phase. In the pretraining phase, the
weight matrices Wiy, Wy, Wy, are optimized using SGD with loss
of the mean squared error (MSE). After pretraining, the pretrained
weights are frozen, and we proceed with fine-tuning by introducing
low-rank adapters AW = BA.

5.1 Efficiency of LoRA-E?

Figure 2 illustrates the dynamics for widths n € {26, 27 ... ,212},
across two random seeds, and for both LoRA and LoRA-E%. We ob-
serve that the magnitude of Zjp is significantly higher with LoRA-E?
compared to LoRA. This can be explained by the distinct behav-
ior of the norms of Zg in both methods: for LoRA-E2, Zg = ©(1),
while for LoRA, Zg = @(n_l/z). Consequently, LoRA-E2 exhibits a
larger magnitude of Z 4, as Z 4 for LoRA-E2 follows @(n1/4), while
Z 4 for LoRA remains constant at ©(1). In terms of the norm of
B, LoRA-E? demonstrates a larger value, with B = O(n~14), com-
pared to B = ©(n~1/2) for LoRA. These differences in behavior,
despite the internal instability observed in LoRA-E? during the up-
dates of both A and B, highlight that LoRA-E2 maintains efficiency.
On the other hand, LoRA exhibits worse internal instability during
the update of B, and does not guarantee the efficiency as LoRA-E2.

5.2 Effectiveness of LoRA-E?

Figure 3 provides a quantitative comparison of the low-rank update
magnitudes between LoRA and our proposed LoRA-E? during train-
ing. Specifically, we measure the update magnitude at each step
using the Frobenius norm |B/*1 A**! — B? A?|, averaged across two
random seeds. The results clearly show that LoRA-E? consistently
exhibits larger update magnitudes than standard LoRA, indicating
more substantial parameter adjustments at each step. This behavior
comes from the alternative update strategy employed in LoRA-E2.
By updating B prior to A, we ensure that B?™1 # 0 when computing
the gradients for A’*!. Consequently, the update to A is meaningful
from the first step, effectively utilizing gradient information and
avoiding wasted updates. In contrast, the standard LoRA initializes
with B® = 0, which causes the gradient with respect to A to vanish
during the initial update, rendering the first step ineffective. In
general, the consistent increase in update magnitudes observed in
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Table 1: Performance comparison of various adaptation methods on the GLUE benchmark. We report the mean and standard
deviation of the overall Matthew’s correlation for CoLA, Pearson correlation for STS-B, and accuracy for the remaining tasks,

averaged over 10 trials. For all metrics, higher values indicate better performance.

Methods SST-2 MRPC STS-B ONLI CoLA MNLI RTE QQP
LoRA 9343 +0.05 7582+046 92.62+0.01 92.89+0.04 42.61+059 8555+0.04 6149+034 97.21 £0.02
LoRA-FA 92.16 £ 0.29  67.57 090 91.67 £0.08 90.51 £0.24 2331+16.2 71.95+280 60.38+0.42 97.15+0.02
rsLoRA 93.96 £ 0.11  73.69 £0.12 92.65+0.03 9298 +0.03 41.34 £0.35 85.80+0.01 64.14+0.61 97.12 +0.06
DoRA 9346 £ 0.09 69.28 £0.31 92.64 +£0.02 9290 £ 0.03 29.58 £2.50 85.56+0.04 6149+0.74 97.21 £0.01
LoRA+ 94.06 £ 0.09 83.15%+0.70 9253 £0.03  92.96 £0.04 47.82+0.69 85.89+0.01 6474045 97.26 +0.02
LoRA-GA 9396 £ 0.11  73.69+0.12  92.65+0.03 9298 +£0.03 41.34+0.35 85.80%0.01 6552+038 97.12 £ 0.06
LoRA-E? 94.10 + 0.14 83.91+1.20 92.72+0.09 93.06 +0.08 52.1+0.18 85.92+0.09 66.79 +0.78 97.35+ 0.04
LoRA-E? (rank=32) 9418 £0.12 84.21+0.14 92.65+0.06 93.13+0.04 53.09+0.22 85.71+0.05 67.46+0.41 97.37 +0.04
LoRA-E? (rank=128) 94.80 +£0.03  85.62 +0.15 9271 £0.02 93.25+0.02 56.10 +£0.27 86.24 £0.08 69.74 £ 0.26  97.36 + 0.02
LoRA-E? +LoRA+ 9453 £0.05 86.76 £0.20 9290 +£0.04 93.13+0.04 5559045 86.14+0.02 70.64+0.95 97.71 £0.05
LoRA-E? +rsLoRA 94.11 £ 0.05 8440050 92.75+0.03 93.13+0.08 5048 £1.40 85.96+0.13 68.90+0.64 97.67 £0.06

LoRA-E? highlights its improved ability to use gradient information,
enabling more effective learning throughout the training.

6 Experiments with Language Models

We present empirical findings on fine-tuning a suite of language
models with LoRA-E? across multiple benchmark datasets. We begin
by assessing the performance of our approach in comparison to
various baselines across two language tasks: NLU and NLG. Next,
we conduct an ablation study to demonstrate the efficacy of our
proposed methods.

Baselines. In this paper, we leverage several baselines, all of which
are based on LoRA and its variants, including LoRA [19], LoRA-
FA [52], LoRA+ [15], rsLoRA [21], DoRA [30], and LoRA-GA [44].
LoRA-FA is a method that updates parameter B while keeping
parameter A fixed. LoORA+ modifies the learning rate of parameter
B, setting it to be greater than the learning rate of parameter A.
rsLoRA sets the scaling factor for the adapter as %. decomposes

the updates of the weights into two parts, magnitude and direction.
Direction is handled by standard LoRA, whereas the magnitude is
handled by a separate learnable parameter. LoORA-GA applies SVD
to decompose the gradient matrix, using the resulting components
as the initial values for parameters A and B.

6.1 Natural Language Understanding

Datasets and models. We evaluate the NLU tasks from the GLUE
benchmark [43], including MNLI, SST-2, CoLA, QNLI, STS-B, QQP,
RTE, and MRPC using the T5-Base model [39].

Results. The evaluation of various adaptation methods on the
GLUE benchmark is presented in Table 1. The results clearly indi-
cate that LoRA-E? outperforms all other methods across multiple
tasks, achieving the highest scores overall. In contrast, LoORA-FA
demonstrates relatively poor performance, particularly on tasks
such as MRPC (63.57 + 0.90) and CoLA (23.31 =+ 16.2), which sug-
gests that fixing parameter A while only updating parameter B is in-
effective for these tasks. Interestingly, the combination of LoRA-E?
with LoRA+ or rsLoRA yields additional improvements, delivering
superior performance compared to other adaptation methods. This
indicates that LoRA-E2, when combined with additional adaptation

techniques, improves performance across various tasks. In conclu-
sion, LORA-E2 and its combinations, such as LoRA-E% + rsLoRA,
demonstrate superior performance across the GLUE benchmark,
underscoring the efficacy of our approach. The performance of
LoRA-E? with various ranks further validates the versatility and
effectiveness of our approach. Specifically, when LoRA-E? is ap-
plied with a rank of 32, it yields an outstanding performance, with
the highest score on SST-2 (94.18 + 0.12) and consistent improve-
ments across other tasks, including MNLI (85.92 + 0.09) and QQP
(97.35 + 0.04). In contrast, increasing the rank to 128 leads to even
better performance, with noticeable improvements across various
tasks, particularly in CoLA and QQP. This highlights that LoRA-E?
continues to enhance its performance with higher ranks, further
demonstrating the scalability and robustness of our method across
different configurations.

Figure 4 (see Appendix B.4) illustrates the training loss trajec-
tories of various parameter-efficient fine-tuning methods across
multiple GLUE benchmark tasks. LoRA+ is excluded from compar-
ison because its increased learning rate leads to accelerated but
non-comparable convergence dynamics. Across all tasks, LoRA-E?
exhibits consistently superior convergence behavior, achieving both
the fastest decline in loss and the lowest final training loss. This
demonstrates its strong capacity for rapid adaptation and efficient
feature learning. The advantage is particularly evident in tasks such
as SST2, QNLI, and MNLI, where LoRA-E2 reaches convergence sig-
nificantly earlier than other methods. The smoothness of its loss
curves also indicates enhanced training stability, aligning with our
theoretical analysis of improved gradient conditioning. In contrast,
LoRA-FA converges more slowly and attains higher steady-state
losses, especially on MRPC and STSB, highlighting that fixing pa-
rameter A while updating only B constrains the representational
flexibility required for these tasks. rsLoRA and DoRA achieve in-
termediate performance, better than LoRA-FA but still inferior to
LoRA-EZ, suggesting that while their design alleviates part of the
inefficiency in standard LoRA, they fall short in maintaining stable
yet expressive feature updates. Overall, these results confirm that
LoRA-E? not only accelerates convergence but also achieves a more
optimal training trajectory across diverse task types, validating its
effectiveness as a robust and scalable PEFT framework.
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Table 2: Results of fine-tuning Llama 2-7B using various
LoRA variants, evaluated on the GSM8K dataset with three
different random seeds.

GSMSK GSMS8K GSMSK

Methods seed 0 seed 1 seed 2
LoRA 57.47 57.09 57.85
LoRA-FA 54.97 56.48 56.79
rsLoRA 57.32 58.15 57.85
Dora 57.70 56.56 56.79
LoRA+ 57.85 58.17 57.60
LoRA-GA 58.00 58.23 58.16
LoRA-E2 58.07 58.30 59.36
LoRA-E? (r=32) 58.21 58.40 59.06
LoRA-E2 (r =128) 58.42 59.56 58.81
LoRA-EZ +LoRA+ 58.44 58.33 59.61

LoRA-E? +rsLoRA 58.30 58.23 57.47

6.2 Natural Language Generation

Datasets and models. We train our model on a 100K subset of
MetaMathQA [48], a dataset derived from other math instruction
tuning datasets such as GSM8K [5] and MATH [17], which offers
increased complexity and diversity. We select data sampled from the
GSMSK training set and apply appropriate filtering. The accuracy
is reported on the GSM8K evaluation set.

Results. The results in Table 2 highlight the superior performance
of LoRA-E? across all three random seeds when fine-tuning Llama
2-7B. LoRA-E? consistently outperforms all other methods, achiev-
ing the highest scores in each seed, with a notable improvement in
seed 2. In comparison, LoRA-FA shows the weakest performance
across all seeds, suggesting that fixing one parameter while up-
dating the other is less effective. Methods like rsLoRA and Dora
perform better than LoRA-FA, but still fall short of LoRA-EZ, indi-
cating the importance of more flexible adaptation strategies. The
combination of LoRA-E? with LoRA+ or rsLoRA results in marginal
improvements, but LoRA-E? alone remains the most effective ap-
proach. These findings demonstrate that LoRA-E? is the optimal
method for achieving the best performance on the NLG task.

We also evaluate the impact of different rank settings on the per-
formance of LoRA-E2. As shown in Table 2, both LoRA-E? (r = 32)
and LoRA-E? (r = 128) achieve consistently strong results, surpass-
ing all baseline methods across the three random seeds. Importantly,
increasing the rank from 32 to 128 yields a clear performance gain,
with average improvements of approximately 0.5-1.0% across seeds.
For instance, while LoRA-E2 (r = 32) achieves 58.21, 58.40, and 59.06
on seeds 0, 1, and 2, respectively, the higher-rank LoRA-E2 reaches
58.42, 59.56, and 58.81. These results highlight the scalability of
LoRA-E2, where a larger rank enables richer parameterization and
more effective adaptation to the downstream task.

6.3 Ablation Study

The results presented in Table 3 clearly demonstrate the effective-
ness of LoRA-E2, which integrates both the proposed initializa-
tion and the Gauss-Seidel iterative training for B and A. Compar-
ing LoRA, Init, Training, and LoRA-E2 across various datasets re-
veals that each component independently contributes to improved
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Table 3: Comparison of performance across GLUE and
GSMS8K. LoRA is the standard method, Init uses our proposed
initialization, and Training applies Gauss-Seidel iteration to
train A and B. LoRA-E? combines both techniques.

Datasets LoRA Init Training LoRA-E?
SST-2 93.43 £0.05 9349 £0.02 93.92+0.16 94.10+0.14
MRPC  75.82+0.46 76.31+0.38 83.66+0.31 83.91+ 1.20
STS-B 92.62£0.01 92.70 £0.02 92.67 = 0.06 92.72 + 0.09
ONLI 9289 £0.04 9295+0.03 9297 +0.05 93.06 = 0.08
CoLA  42.61+0.59 4272+0.33 51.86+140 52.10+0.18

MNLI 85.55 £0.04 85.65+0.043 85.62+0.01 85.92 + 0.09

RTE 6149 £034 6231+034 6534+051 66.79 = 0.78
QQP 97.21£0.02 97.22+0.01 97.30 £0.03 97.35 + 0.04
GSM8K 5747 +0.31 57.56 +0.56 57.96 £ 0.34 58.58 + 0.56

performance. Specifically, employing the proposed initialization
(Init) or adopting Gauss—Seidel training (Training) yields consistent
gains over the standard LoRA baseline. For example, on CoLA, Init
achieves a noticeable increase in accuracy (42.72 vs. 42.61), while
Training provides a substantial improvement (51.86), highlighting
the benefit of alleviating ineffective updates in early training. Simi-
larly, on MRPC, Training markedly enhances performance (83.66
vs. 75.82), underscoring the importance of iterative optimization.

More importantly, the integration of both techniques in LoRA-E?
leads to the best overall results, consistently outperforming all other
variants. On SST-2, LoRA-E? achieves 94.10 accuracy, surpassing
both Init (93.49) and Training (93.92). A similar trend is observed
on MRPC, where LoRA-E? reaches 83.91, exceeding Init (76.31) and
Training (83.66). Across all datasets, including GSM8K, LoRA-E?
achieves the highest scores.

These findings confirm that both initialization and Gauss-Seidel
updates are essential for enhancing LoRA’s effectiveness, but their
combination is particularly powerful. By integrating these strate-
gies, LoRA-E? achieves substantial improvements in stability, con-
vergence, and task performance, thereby validating its design as an
effective and efficient fine-tuning framework.

7 Conclusions

LoRA-E? enhanced LoRA fine-tuning by addressing inefficient fea-
ture learning and early updates through a principled initialization
and Gauss-Seidel optimization. Our framework provided provable
stability and efficiency guarantees while delivering faster conver-
gence and superior performance across NLU and NLG benchmarks
compared to standard LoRA variants.
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A Theory and Proofs
A.1 Scaling of Neural Networks

Scaling refers to systematically enlarging certain components of a model to enhance its performance. This may involve increasing model
width (e.g., embedding dimensions), depth (e.g., number of layers), compute resources, training iterations, or a combination thereof. This
paper specifically focuses on scaling the model’s width, a direction motivated by the observation that large language and vision models
typically operate at large widths.

It is well established that as the model width n increases, initialization strategies and learning dynamics must be carefully tuned to
preserve numerical stability and enable efficient training. For instance, to prevent excessively large pre-activations with growing n, the
variance of weight initialization should scale as 1/n, as seen in He et al. [16]. A principled way to derive such rules involves analyzing
the statistical behavior of core model components (e.g., pre-activations) in the asymptotic regime and accordingly adjusting initialization,
learning rates, and architectural design to maintain desirable training dynamics as n — oo.

Building on this foundation, Yang et al. [47] introduced the Maximal Update Parameterization (uP), which formalizes a family of scaling
principles for initialization, learning rates, and network architectures. These principles aim to preserve training stability and enable effective
representation learning as model width tends to infinity. In this framework, stability is characterized by the condition Z ; = ©(1) across
all layers [ and units i, where ©(-) reflects asymptotic behavior with respect to width n. Similarly, efficient feature learning is ensured by
maintaining AZ; = ©(1), where A denotes the change in features induced by gradient descent. To satisfy both conditions during training,
4P prescribes that hidden layer weights be initialized with variance ©(n~1/2) and that their updates scale as ©(n~!). Input weights and
their updates should remain of order (1), while output weights are initialized as ©(n~!) and updated proportionally. These prescriptions
distinguish pP from conventional parameterizations which may suffer from instability or vanishing feature learning in the infinite-width
limit. For example, in the Neural Tangent Kernel regime, feature updates shrink as AZ; = ©(n~1/2), ie., no feature learning as n — co.

A.2 Revisiting the y-Operator for Scaling Analysis

When analyzing scaling behavior in neural networks, a central concern is understanding how various quantities evolve as the model width n
increases. Specifically, we are interested in identifying the asymptotic scaling laws that govern the behavior of different components in the
computational graph. For example, when the width n of a network is scaled, we examine how internal variables such as activations, gradients,
and weights change with n. This methodology underpins many principled approaches to model scaling and has informed foundational work
on initialization strategies [40], activation function design [13], and network parametrization schemes [47].

To systematically analyze such scaling trends, we adopt the y-operator, which tracks the exponent governing the polynomial scaling of a
quantity o with respect to n. We write o = ©(n'[?]), where y[v] captures the asymptotic exponent of v. Basic operations with this operator
obey intuitive algebraic rules:

e Zero: If v = 0, we define y[v] = —oo (interpreted as the limit y[n*ﬁ] — —co as fi — ).

e Multiplication: For any two scalar quantities v, v’, it holds that y[v X o] = y[0] + y[0’].

e Addition: For general v,v’, we have y[v + v’] = max(y[v],y[v’]), unless v’ = —v, a zero probability event when v and v’ are random
variables that are not perfectly (negatively) correlated, which is the case in most situations where we make use of this formula.

We now have the complete formal machinery to proceed with our asymptotic analysis.

A.3 Proof of Theorem 1

In this section, we present an informal yet conceptually insightful argument supporting Theorem 1. Our approach is based on a key
assumption as follows.

Assumption 1. Under the same conditions described in Section 4, we assume that at the training iteration t, the variables Z and dZ remain
on the order of ©(1).

Assumption 1 concerns the parameterization adopted during pre-training. We posit that the conditions stated are satisfied throughout our
analysis. Let us now provide a proof for the main theorem.

Theorem 2 (Restate of Theorem 1). Under Assumption 1, for anyt > 0, fine-tuning with LoRA-E? and training by gradient descent with
learning rate n yields the following:

o Stability: Zt = O(1) if and only ifn = O(n~1/2).

o Feature Learning: AZf3 =0(1) ifand only ifn = ©(n~Y/2). In this case, we also have ei, eg = ©(1) (efficient feature learning, Definition 4).
o Internal instability: A'Z = ©(n'/%) and Bt = ©(n~/*) when 1 lies between ©(n~!) and e(n~1/2).

Proor oF THEOREM 2. To facilitate effective feature learning, it is essential that both €} and €2 remain on the order of ©(1), indicating
that matrices A and B are both actively updated and significantly influence the evolution of Zg. To substantiate this requirement, we examine
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how perturbations in A and B impact the LoRA-modified feature Zg = BAZ. We rewrite the contributions €! and €? as:
2
et =-n(2) az(az)T a1z,
r
a 2
e =-n(5) B'(B)Taz|Z|*
To ensure efficiency, it is required that ! = ©(1) forall £ and i € {1,2} and B' A’Z = O(1). Applying Assumption 1 and the basic expressions
derived in Appendix A.2, this condition further implies that for all ¢, we have:
vlnl+2y[B']+1=0
ylnl+2y[A"1Z] =0 (13)
y[Bi-1] +y[Ai-1Z] = 0.
With LoRA-E? initialization, we have y[B°] = —co and y[A°Z] = %, As aresult, we have for all t > 0

{Y[Bt] =max(y[B'~!],y[n] +y[A"7'Z])

y[A'Z] = max(y[A""'Z],y[n] +y[B'] +1) 9

Starting from ¢ = 1, under the LoRA-E? initialization, we have y[B'] = y[n] + % and y[A!Z] = max (% 2yln] + %) We consider two cases:

e Case 1:If 2y[n] + % >
e Case 2:If 2y[n] + % <

[

%, it follows that y[n] > —%, By substituting y[B!] and y[A!Z] into Equation (13), we obtain y[5] = —

}1, we deduce that y[n] < —%. Similarly, substituting y[B'] and y[A!Z] into Equation (13) yields y[7] —%.

Substituting y[n] = —% into Equation (14), we obtain y[A?Z] = % and y[B!] = —;11 for any t > 0. This indicates that stability can be
maintained when the learning rate scales as ©(n~1/2). However, such a learning rate introduces internal instability, as the feature Z4 grows
unboundedly with network width. Specifically, under this scaling, y[A?Z] = 1/4, implying A’Z = ©(n'/2), which diverges as n — oo.
Nonetheless, this growth is compensated by the fact that y[B!] = —1/4, i.e., B; = ©(n~1/%), thereby preserving overall stability. Moreover,
in this case, feature learning is efficient according to Definition 4, with ei =0O(1) and eg = ©(1), thereby completing the proof. O

B Complete Experiments

This section complements the empirical results reported in the main text.

B.1 Empirical Details of Toy Examples
To rigorously evaluate the feature dynamics of LoRA and LoRA-E? in a controlled setting, we design a synthetic task based on a multi-layer

perceptron (MLP) model. The network architecture consists of an input layer, a single hidden layer, and an output layer. The output is
computed via the following transformation:

9 =Wourd(Wyp(WinZ))

where W;,, € R9%n, Wy, € R™" and Wy,; € R" are weight parameters. The function ¢(-) denotes the activation function, for which we
use ReLU. We train this model in two stages: the pretraining phase and the fine-tuning phase. In the pretraining phase, the weight matrices
Win, Wy, Wy are optimized using SGD with loss of the mean squared error (MSE). After pretraining, the pretrained weights are frozen,
and we proceed with fine-tuning by introducing low-rank adapters AW = BA.

Data Generation. We generate synthetic input data X € RN*4 with d = 10 and N = 1000, where each row is sampled i.i.d. from a standard
normal distribution X ~ N (0, I;). The targets Y € RNX1 are also sampled from N(0,I;), and remain fixed for each experiment seed.

Pretraining. The base MLP is trained using SGD for 100 steps with a learning rate of 0.01. All model weights are initialized with Gaussian
distributions scaled by: Wi, ~ N(0,1/d), Wy, ~ N(0,1/n), and Wy ~ N(0,1/n). After pretraining, the parameters of W;,, Wy, and Wy,;
are frozen.

LoRA Fine-Tuning. We apply LoRA-style low-rank adaptation on the second layer. Two variants are considered:
e LoRA: A~ N(0,1/n)
o LORA-E2: A ~ N(0,n73/%)
Matrix B is initialized to zero. For LoRA-E?, the updates alternate between optimizing B (with fixed A) and optimizing A (with fixed

B). The learning rate is set to n = n~1/2 and optimization is conducted via SGD for 100 iterations. All experiments are repeated for
ne {2027 ... 22} and two random seeds.
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Figure 4: Comparison of the training loss across various baselines on the GLUE benchmark.

B.2 Empirical Details of Natural Language Understanding

The training is performed using the AdamW optimizer [32] with hyperparameters 1 = 0.9, fz = 0.999, € = 1 x 1078, and weight decay set
to 0. For the standard LoRA, and its variants, a learning rate of 1 x 10~* is employed, along with a warm-up ratio of 0.03 and cosine learning
rate decay, the rank is set to r = 8, and the scaling factor « is set to 16. The LoRA adaptation is applied to all linear layers.

B.3 Empirical Details of Natural Language Generation

We conduct experiments on the LLaMA 2-7B model using the following training and evaluation settings:

e Training Algorithm. We employ the AdamW optimizer [32] with parameters ff; = 0.9, 2 = 0.999, € = 1 X 1078, and zero weight decay.
For LoRA-based methods, a learning rate of 2 X 1075 is used, with a cosine learning rate schedule with a warm-up ratio of 0.03. All variants
adopt the same warm-up strategy and decay scheduling.

o Numerical Precision. The base model uses bf16 precision during inference. However, LoRA’s low-rank matrices A and B are maintained
in fp32 precision throughout training, consistent with the PEFT framework [34].

o LoRA Configuration. Across all experiments, we set the LoRA rank to r = 8 and the scaling factor « = 16. LoRA layers are inserted into
all linear transformations except embeddings, layer normalizations, and the output head.

e General Hyperparameters. Training is performed for a single epoch (E = 1) using a batch size of 1 with gradient accumulation of 4
steps. The sequence length is fixed at 1024.

B.4 Complete Results

Figure 4 illustrates the training loss trajectories of various parameter-efficient fine-tuning methods across multiple GLUE benchmark tasks.
LoRA+ is excluded from comparison because its increased learning rate leads to accelerated but non-comparable convergence dynamics.
Across all tasks, LoRA-E? exhibits consistently superior convergence behavior, achieving both the fastest decline in loss and the lowest final
training loss. This demonstrates its strong capacity for rapid adaptation and efficient feature learning. The advantage is particularly evident
in tasks such as SST2, QNLI, and MNLI, where LoRA-E? reaches convergence significantly earlier than other methods. The smoothness
of its loss curves also indicates enhanced training stability, aligning with our theoretical analysis of improved gradient conditioning. In
contrast, LORA-FA converges more slowly and attains higher steady-state losses, especially on MRPC and STSB, highlighting that fixing
parameter A while updating only B constrains the representational flexibility required for these tasks. rsLoRA and DoRA achieve intermediate
performance, better than LoRA-FA but still inferior to LoRA-E?, suggesting that while their design alleviates part of the inefficiency in
standard LoRA, they fall short in maintaining stable yet expressive feature updates.
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